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Introduction 

In our paper [2] we classified all maximal open subalgebras of all simple infinite- 
dimensional linearly compact Lie superalgebras 5* over an algebraically closed 
field F of characteristic zero, up to conjugation by the group G of inner auto- 
morphisms of the Lie superalgebra DerS of continuous derivations of S. An 
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immediate corollary of this result is Theorem 11.1 of 2 , which describes, up 
to conjugation by G, all maximal open subalgebras of S, which are invariant 
with respect to all inner automorphisms of S. Using this result and an ex- 
plicit description of DerS (see ^3 Proposition 6.1] and its corrected version 
Proposition 1.8]), we derive the classification of all maximal among the open 
subalgebras of S, which are AitiS-invariant, where AutS is the group of all con- 
tinuous automorphisms of S fTheorem l3.4fl . Such a subalgebra So always exists, 
and in most of the cases it is unique (also, in most of the cases it is a subalge- 
bra of minimal codimension). Picking a subspacc S—± of S, which is minimal 
among sluts'- invariant subspaces, properly containing So, we can construct the 
Weisfeiler filtration (see e.g. [2] or |1U|). Then it is easy to see that 

(1) AutS = U x AutgrS, 

where U is a normal prounipotent subgroup consisting of automorphisms of S 
inducing an identity automorphism of GrS, and AutgrS is a subgroup of a 
(finite-dimensional) algebraic group of automorphisms of GrS, preserving the 
grading. 

We list all the groups AutgrS, along with their (faithful) action on Gr_iS, 
in Table 1. This leads to the following description of the group AutS: 

(2) AutS = InautS X A, 

where InautS is the subgroup of all inner automorphisms of S and A is a closed 
subgroup of AutgrS, listed in Corollary 14. 31 

Let F be a subfield of F, whose algebraic closure is F, and fix an F-form S ¥ 
of S, i.e., a Lie superalgebra over F, such that S v <8>f F = S. Then all F-forms 
of S, up to isomorphism, are in a bijective correspondence with H 1 (Gal, AutS), 
where Gal = Gal(¥/¥) (see e.g. ^S|)- Since the first Galois cohomology of a 
prounipotent algebraic group is trivial (see e.g. ^3]), we conclude, using the 
cohomology long exact sequence, that 

(3) H 1 (Gal, AutS) ^ H 1 (Gal, AutgrS). 

The infinite-dimensional linearly compact simple Lie superalgebras have 
been classified in JUj. The list consists of ten series (to > 1): W(m,n), 
S(m,n) ((m,n) ^ (1,1)), H{m,n) (m even), K{m,n) (m odd), HO(m,m) 
(m > 2), SHO(m,m) (m > 3), KO(m,m + 1), SKO(m,m + 1; f3) (m > 2), 
SHO" (m,m) (m even), SKO"~ '{m,m + 1) (to > 3 odd), and five exceptional 
Lie superalgebras: £(1,6), £(3,6), £(3,8), £(4,4), £(5,10). Since the follow- 
ing isomorphisms hold (see 0, ^): W{1,1) S £(1,2) = £0(1,2), 5(2,1) = 
£0(2,2) = S*£O(2,3;0), SHO^ '(2,2) £(2,1), when dealing with W(m,n), 
KO{n,n+ 1), HO{n,n), 5£0(2,3;/3) and SHO~(n,n), we will assume that 
(m, n) ^ (1, 1), n > 2, n > 3, (3 ^ 0, and n > 2, respectively. We will use the 
construction of all these superalgebras as given in j^j (see also Q], H|, ^0], |12| . 

DSD- 

Since the first Galois cohomology with coefficients in the groups GL n (F) and 
Sp n (¥) is trivial (see, e.g., JS]), we conclude from J3J and Table 1, that 
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H 1 (Gal, AutS) is trivial in all cases except for four: S = H(m,n), K(m,n), 
S(l,2), and E(l,6). Thus, in all cases, except for these four, S has a unique 
F-form (in the SKO(n, n + 1; j3) case we have to assume that (3 € F in order for 
such a form to exist). 

Since H 1 (Gal, O n (F)) is in canonical bijective correspondence with classes of 
non-degenerate bilinear forms in n variables over F (see, e.g., JHl); we find that 
all F-forms of H(m, n) and K(m, n) are defined by the action on supersymplectic 
and supercontact forms over F, respectively. In the cases S — 5(1,2) and 
£7(1,6), the answer is more interesting. We construct all F-forms of these Lie 
supcralgebras, using the theory of Lie conformal superalgebras. 

The present paper is a continuation of [2] , which we refer to for terminology 
not explained here. The base field, unlike in is an arbitrary field F of 
characteristic 0, and we denote by F its algebraic closure. 

In the Lie algebra case the problems considered in the present paper were 
solved by Rudakov p3> whose methods we use. 

1 Z-Gradings 

In papers [2] and ^Oj the base field is C. However, it is not difficult to extend 
all the results there to the case of an arbitrary algebraically closed field F of 
characteristic zero. In order to do this one has to replace exponentiable deriva- 
tions of a linearly compact algebra S in the sense of [2], by exponentiable 
derivations in the sense of 8 (a derivation d of a Lie superalgebra S over a field 
F is called exponentiable in the sense of |S] if d(H) C H for any closed AutS- 
invariant subspace H of S). Also, we define the group of inner automorphisms 
of S to be the group generated by all elements exp(ac? a), where exp(ac? a) con- 
verges in linearly compact topology. Then Theorem 1.7 of [2] on conjugacy of 
maximal tori in an artinian semisimple linearly compact superalgebra still holds 
over F. Consequently, the classification given in of primitive pairs (L, Lq) up 
to conjugacy by inner automorphisms of DerL stands as well over F. 

We first recall from and ^01 the necessary information on Z-gradings 
of Lie superalgebras in question over the field F. For information on finite- 
dimensional Lie superalgebras we refer to [5] or |10| . 

Recall that W(m, n) is the Lie superalgebra of all continuous derivations of 
the commutative associative superalgebra A(m, n) — A(n)[[x±, . . . ,x m ]], where 
A(n) is the Grassmann superalgebra in n odd indeterminates £ 1; . . . , £„, and 
x%, .. . ,x m are even indeterminates. Recall that a Z-grading of the Lie super- 
algebra W(m, n) is called the grading of type (aj., . . . , a m \bi, . . . ,b n ) if a,i — 
degXi — — deg g~ G N and bi = deg& = - deg ^- <E Z (cf. 10, Example 4.1]). 
Every such a grading always induces a grading on the Lie superalgebra S(m, n) 
and it induces a grading on S — H(m,n), K(m,n), HO(n,n), SHO(n,n), 
KO(n, n + 1), or SKO(n, n+ 1; f3) if the defining differential form of S is homo- 
geneous with respect to this grading. The induced grading on S is also called a 
grading of type (a t , . . .,a m \b\, ■ ■ - ,b n ). 

The Z-grading of type (1, . . . , 1|1, . . . , 1) is an irreducible grading of W(m, n) 
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called its principal grading. In this grading W (m,n) — rij>-i£b' nas 0-th 
graded component isomorphic to the Lie superalgebra gl(m, n) and —1-st graded 
component isomorphic to the standard gl(m, n)-module F m K The even part of 
go is isomorphic to the Lie algebra gl m ®gl n where gl m (resp. gl n ) acts trivially 
on F™ (resp. F m ) and acts as the standard representation on F m (resp. F n ). 

The principal grading of W(m,n) induces on S(m,n), H(m,n), HO(n,n) 
and SHO(n,n), irreducible gradings also called principal. 

The 0-th graded component of S(m, n) in its principal grading is isomorphic 
to the Lie superalgebra sl(m,n) and its —1-st graded component is isomorphic 
to the standard sl{m, n)-module F m l™. The even part of go is isomorphic to 
the Lie algebra sl m © sl n © Fc where sl m (resp. sl n ) acts trivially on F" (resp. 
F m ) and acts as the standard representation on F™ (resp. F n ). Here c acts by 
multiplication by — n (resp. — m) on F m (resp. F n ). 

Let S = H(2k, n) = IX,>-i Sj wrfcn i ts principal grading. Recall that the Lie 
superalgebra H(2k, n) can be identified with A(2fc, n) /Fl, where we have 2k even 
indctcrminates qi, . . . ,qk, pi, ... ,pk, and n odd indeterminates £i, . . . , £„, with 
bracket [f,g] = £* = i(f^ " gfe) " M) p(/) E?=i f e^- Then 0O = 
spo(2k, n), and g_! is isomorphic to the standard spo(2k, n)-modulc F 2fe '™. Here 
(flo)o is spanned by elements {p i p ] ,p l q j , q^j) for i, j = l,...,k, and ! , , , 
for i,j = 1, . . . ,n, hence it is isomorphic to sp2k © so n- The odd part of g 
is spanned by vectors {pi(,j, qi£,j} for i = 1, . . . , k and j = 1, . . . ,n, hence it 
is isomorphic to the sp 2 fe © so„-module F 2fe © F™, where F 2fe and F™ are the 
standard sp2k and so n -modules, respectively. Besides, g_i = (pi,qi,^j \ i = 
1, . . . , fc, j = 1, . . . , n), hence sp^k acts trivially on F™ = | j = 1, . . . , n) and 
acts as the standard representation on F 2k = (pi, q^ | i = 1, . . . , k), and so n acts 
trivially on ¥ 2k and by the standard action on F™. 

The grading of type (2, 1, . . . , 1|1, . . . , 1) of W(2k + l,n) induces an ir- 
reducible grading i^(2fc + l,n) = Ylj > _ 2 9j, called the principal grading of 
K(2k + l,n). Its 0-th graded component g is isomorphic to the Lie super- 
algebra cspo(2k,n) and g_! is isomorphic to the standard cspo(2k, n)-modulc 

jp2fc|n_ 

Consider the Lie superalgebra S — HO(n,n) = Ylj>-i 8j with its principal 
grading. Then g is isomorphic to the Lie superalgebra P(n) = P(n)_i + 
P(n) + P(n)i, where P(n) = gl n , and, as 5/„-modules, P(n)_i = A 2 (F"*), 
P(n)i = S 2 (¥ n ), and ^ F"_ffiF™*, where F™ is the standard gl n -module, 
and the gln-submodules F™ and F n * of g_i have different parities. 

The 0-th graded component of SHO(n, n) in its principal grading is isomor- 
phic to the graded subalgebra P(n) = P(n)_i + P(n)o + P{n)\ of P(n), where 
P(n) = sl n , Pin)-! S A 2 (F"*) and P(n) 1 S 5 2 (F"), and its -1-st graded 
component is isomorphic to the standard P(n)-module F™ © F"*. 

The Z-grading of type (1, . . . , 1|1, . . . , 1, 2) of W(n, n + 1) induces on the Lie 
superalgebras KO(n 7 n + 1) and SKO(n, n + l;(3) an irreducible grading called 
principal. In these cases the 0o- m odule 0-i is obtained from that of SHO(n, n) 
by adding some operators which act as scalars on F™ and F"* . 

The Z-grading of type (1, . . . , 1|0, . . . , 0) of S = W{m, n), S(m, n), HO(n, n), 
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SHO(n,n), the Z-gradings of type (1, . . . , 1|2, . . . , 2, 0, . . . , 0) and (2,1,...,1| 
2, . . . , 2, 0, . . . , 0) with h zeros of S = H(m, 2h) and K(m, 2h), respectively, and 
the Z-grading of type (1, . . . , 1|0, . . . , 0, 1) of S = KO{n, n+1), SKO(n, n+1; /?), 
is called the subprincipal grading of S. 

The Lie superalgebra S = SKO(2, 3; 1) = Ilj>-i Qj ln its subprincipal grad- 
ing has 0-th graded component go isomorphic to the semidirect sum of S^O, 2) 
and the subspace of A(2) spanned by all the monomials except for £i£2, and 
0_i = A(2). The even part of go is isomorphic to ffi F and, as an s7 2 -module, 
g_i = F 2 ffi F 2 , where the two copies of F 2 have different parities and sh acts 
by the standard action on the even copy and trivially on the odd copy. The 
algebra of outer derivations of S is isomorphic to s?2 (cf. Remark 4.15]); it 
acts trivially on the even subspace of g_i and by the standard action on the 
odd one. Finally, F acts on g_i by multiplication by —2. 

The Z-grading of W(l,2) of type (2|1,1) induces a grading on 5(1,2) — 
Y\j>-2Qh which is not irreducible. Then go = sh ffi Fc where c acts on S as 
the grading operator, and g_i = F 2 ffiF 2 , where F 2 is the standard s^-module. 
The two copies of the standard sZ2-module in g_i are both odd. 

Likewise, the Z-grading of W(3, 3) of type (2, 2, 2|1, 1, 1) induces a grading 
on SHO(3,3) = Y[j>-2 Si > which is not irreducible. Here go = SI3 and g_i = 
F 3 ffi F 3 , where F 3 is the standard s^-module. The two copies of the standard 
s?3-module in g_i are both odd. 

Consider the Lie superalgebra K(l, 6) = n,->_ 2 9j with its principal grading. 
Then go = s^ffiFc and g_i = A 2 F 4 , where F 4 denotes the standard s/4-modulc, 
gi = 0L1 ffi 0t © fli". as s^-modules, with g+ = S 2 ¥ 4 and gf = S^F 4 *). The 
Lie superalgebra S = £(1,6) is the graded subalgebra of K(l,6) generated by 
g_i + g + (gli + gt) (cf. (TUJ Example 5.2], 4, §4.2], Q13 §3]). It follows that 
the Z-grading of type (2|1, 1, 1, 1, 1, 1) induces on E(l, 6) an irreducible grading, 
called the principal grading of E(l, 6), where g_i = (£j, r/i), g?L 1 = (t^i,tr)i) and 
Hi = (Ci66,6^2'73,6f]i'73,C3»7i 7 72,Ci(6^2 + £3773), £2 (£i77i + £3^3), ?73(£l?7l - 
£2?72),£3(£i»/i +£2?72),?72(£i»7i ~£3?73),'7i(£2?72 -£3%)), and g^ is obtained from 
0^ by exchanging £j with r\i for every i = 1,2,3. 

Next, the principal grading of i?(3, 6) is an irreducible grading of depth two 
whose 0-th graded component is isomorphic to sl^ © SI2 ffi Cc, and whose — 1-st 
graded component is isomorphic, as an sis © s^-uiodule, to F 3 M F 2 where F 3 
and F 2 denote the standard SI3 and sZ2-modules, respectively. Here c acts on 
E(3, 6) as the grading operator (with respect to its principal grading). Likewise, 
the principal grading of E(3, 8) is an irreducible grading of depth three whose 
0-th graded component is isomorphic to s/3 ffi sh ffi Cc , and whose —1-st graded 
component is isomorphic, as an sl$ © sZ2-module, to F 3 IE F 2 where F 3 and F 2 
denote the standard s/3 and s^-niodules, respectively; c acts on E(3,8) as the 
grading operator. 

The Lie superalgebra S = E(A, 4) has even part isomorphic to W4 and 
odd part isomorphic to the W4-module f2 1 (4) _ 2. The bracket between two 
odd elements u>\ and L02 is defined as: [wi,^] = dwi A 0J2 + A du)?. The 
principal grading of S is an irreducible Z-grading of depth 1 whose 0-th graded 
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component go = (xi-^r-,Xidxj) is isomorphic to the Lie superalgebra P(4) and 

g_i = (-^p,dXj) is isomorphic to the standard P(4)-module F 4 ' 4 . We recall 

that P(4) = P(4) + Wz is a (non-trivial) central extension of P(4) with center 
Fz (see 0, HU, [H). 

Finally, the principal grading of the Lie superalgebra E(5, 10) is irreducible 
of depth 2, with 0-th graded component isomorphic to sl$ and —1-st graded 
component isomorphic ro A 2 F 5 , where F 5 is the standard s/5-module. 

Given a simple infinite-dimensional linearly compact Lie superalgebra S = 
rij>— 483 with its principal or subprincipal grading, we will call Sq = Ylj>o 83 
the principal or subprincipal subalgebra of S, respectively. Likewise, if S = 
Y[j>-d 83 with a grading of a given type, we will call Sq — Ylj>o 83 ^ ne subal- 
gebra of S of this type. 

Remark 1.1 One can show that every non-graded maximal open subalgebra 
of any non-exceptional simple infinite-dimensional linearly compact Lie super- 
algebra S in its defining embedding in W(m,n), can be constructed as the 
intersection of S with a graded subalgebra of W(m, n). For example, the max- 
imal open subalgebra Lo(0) of S = H(m, 1) constructed in 2, Example 3.3], is 
the intersection of 5 with the subprincipal subalgebra of W(m, 1). Since the su- 
persymplectic form is not homogeneous with respect to the subprincipal grading 
of W(m, 1), Lq(0) is not graded. We shall call this subalgebra the subprincipal 
subalgebra of H(m, 1). 

If g is a Lie algebra acting linearly on a vector space V over F, we denote by 
exp(g) the linear algebraic subgroup of GL(V), generated by all expa, where a is 
a (locally) nilpotent endomorphism of V, and by t a , where a is a diagonalizable 
endomorphism of V with integer eigenvalues and t G F x . 

If a group G is an almost direct product of two subgroups G± and G2 (i.e., 
both G\ and Gi are normal subgroups and G\ D G2 is a finite central subgroup 
of G) we will denote it by G = G\ ■ Gi- We will often make use of the following 
simple result: 

Proposition 1.2 Suppose we have a representation of a Lie superalgebra q over 
¥ in a vector superspace V , and a faithful representation of a group G in V , 
containing exp(gg), preserving parity and such that conjugation by elements of 
G induces automorphisms of g. Then the maximal possible G are as follows in 
the following cases: 

(a) if q — sl„ and V = F" © F n with the same parity, then G is an almost 
direct product of GL2 and SL n ; in particular if n — 2 then G = F x • SO4 
and if n = 3 then G = F x • (SL 2 x SL 3 ); 

(6) if g — sl 2 © sl 3 and V = F 3 ® F 2 , then G = F x • (SL 2 x SL 3 ); 

( c ) if 2 = sl s and V = A 2 F 5 , then G = GL 5 ; 

(d) if 2 — sl(m,n) and V = F m l™ is the standard sl(m,n) -module, then G = 
GL m x GL n ; 
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(e) if Q = spo(2k,n) and V = F 2fe l™ is the standard spo(2k,n) -module, then 
G = F x • (Sp 2k x O n ); 

(/) if 3 = Pn and V = F ™+F"* is tfie standard P n -module, then G = F x -GL n ; 

(.9) if 8 = P4 and V" = F 4 + F 4 * is the standard Pi-module, then G = GL4. 

In all cases when G = F x • G\, the group F x acts on V by scalar multiplication. 

Proof. Consider the map / : G — > Aut(g) that associates to every element of 
G the induced automorphism by conjugation of g. Then the kernel of / consists 
of the elements of G commuting with g. Suppose, as in (a), that g — sl n and 
V = F" © F™, where the two copies of the standard sZ„-module have the same 
parity. Then Imf consists of inner automorphisms of sl n , i.e., Imf = PGL n , 
and ker/ = GL 2 . We have therefore the following exact sequence: 

1 — > GL 2 — ► G — > PGL n — > 1. 

Since there is in G a complementary to GL 2 subgroup, which is SL n , we con- 
clude that G is an almost direct product of GL 2 and SL n . It follows that if n is 
odd, thcnG = ¥ x -(SL 2 xSL n ), and ifnis even then G = F x -((SL 2 x SL n )/C 2 ) 
where C 2 is the cyclic subgroup of order two of SL 2 x SL n generated by 
(— 1 2 , —I n ), proving (a). The same argument proves (b). 

By the same argument, in case (c) we get the exact sequence 

1 — > F x — ► G — > PGL 5 — > 1. 

Since G contains a complementary to F x subgroup, which is SX5, we conclude 
that G = GL 5 . 

If g = sl(m,n) and V = F m '" is its standard representation, then gl m acts 
irreducibly on F m and gl n acts irreducibly on F™, hence G — GL m x GL n , 
proving (d). 

Suppose that q = spo(2k,n) and V = F 2fe l" is the standard spo(2k,n)- 
module. Define on g_i = (pi,qi,£j \ i = 1, . . . , k, j = 1, . . . , n) the following 
symmetric bilinear form: {pi,qj) = S itj , = S itn - j+ i, (pi,pj)_= = 

(lit Qj) — (Pit £j) — (<7ii Then G consists of the automorphisms of F 2fc © F™ 
preserving the bilinear form (•,•) up to multiplication by a scalar, hence G = 
F x • (Sp 2k x O n ), proving (e). 

Finally, let g = P n _and V ~ F" + F™* be the standard P„-module. Then 
gl n acts irreducibly on F" and F"* which have different parities. It follows that 
G = F x • GL n . Likewise, if g = P(4), then G — F x • 5i 4 since the group of 
automorphisms of g is SL A . □ 



2 On AutS 

Let 5* be a linearly compact infinite-dimensional Lie superalgebra over F and 
let AutS denote the group of all continous automorphisms of S. Let S = S-d D 
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• • • D So D ■ ■ • be a filtration of S by open subalgebras such that all Sj are 
^u^-invariant and GrS — (Bj>-d9j is a transitive graded Lie superalgebra. 
Denote by Aut(GrS) the group of automorphisms of GrS preserving the grad- 
ing. Denote by AutfS the subgroup consisting of g G AutS which induce an 
identity automorphism of GrS, and let AutgrS be the subgroup of Aut{GrS) 
consisting of automorphisms induced by g G AutS. We have an exact sequence: 

(4) 1 -» AutfS -> AutS -> A/tgrS -> 1. 



Proposition 2.1 foJ TTie restriction map AutgrS — > GL(g_i) is injective. 

(b) AutfS consists of inner automorphisms of DerS. In fact AutfS = expad 
(DerS)i, where (DerS)i is the first member of the filtration of DerS, induced 
by that of S. 

(c) If Sq is a graded subalgebra, i.e., Sj = Qj © Sj'+i for all j > —d such that 
[diiSj] C Qi+j, then AutgrS — Aut(GrS) and 

AutS = AutfS x Aut(GrS). 

Proof. By transitivity g_„ = Q T !i 1 for n > 1, and, in addition, we have the well- 
known injective Autgr S-eqaivaxia,nt map Q n — > Hom(Q_™ +1 for n > 0, 
which implies (a). 

If cr G AutfS, then <r = 1 + cr\, where cr\{Lj) C Hence logcr = 

Eri>i(~l)" +1 1T conver g es an d e* log<T converges to a one-parameter subgroup 
of AutfS. Hence a is an inner automorphism of DerS, proving (b). 

If Sq is a graded subalgebra, we have an obvious inclusion Aut(GrS) C AutS 
and exact sequence (@J, proving (c). □ 

Remark 2.2 By Proposition 12. If a) . AutgrS is a subgroup of GL(q-\) whose 
Lie algebra is Gr^DerS acting on By Proposition I2.1f b). AutfS is a 

prounipotent group. 

3 Invariant Subalgebras 

Given a linearly compact Lie superalgebra L, we call invariant a subalgebra of L 
which is invariant with respect to all its inner automorphisms, or, equivalently, 
which contains all elements a of L such that exp(ad(a)) converges in the linearly 
compact topology. It turns out that an open subalgebra of minimal codimension 
in a linearly compact infinite-dimensional simple Lie superalgebra S over F is 
always invariant under all inner automorphisms of <S* (see 0). 

Example 3.1 We recall that the Lie superalgebra S = SHO~ (n,n) is the 
subalgebra of HO(n, n) defined as follows: 

SHO~(n,n) = {X G HO(n,n) \ X(Fv) = 0} 
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where v is the volume form associated to the usual divergence and F = 1 — 
2£i • • -£n (cf- HI §5])- Let 5*0 be the intersection of S with the principal sub- 
algebra of W(n,n). Then the Weisfeiler filtration associated to So has depth 
one and GrS = SHO'(n, n) with the Z-grading of type (1, . . . , 1|1, . . . , 1) (cf. 
Example 5.2]). Here and further by GrS we denote the completion of the 
graded Lie superalgebra associated to the above filtration. By [21 Proposition 
1.11], So is a maximal open subalgebra of S. It is easy to see that it is also an 
invariant subalgebra. This subalgebra is called the principal subalgebra of S. 

Example 3.2 We recall that the Lie superalgebra S = SKO~(n, n + 1) is the 
subalgebra of KO(n,n + 1) defined as follows: 

SKO~{n, n + 1) = {X e KO{n, n + l)\ X{Fv fj ) = 0} 

where vp is the volume form attached to the divergence divp for /3 = (n + 2)/n 
and F = 1 + £x---£n+i (cf- [21 §5])- Let So be the intersection of S with 
the subalgebra of W(n, n + 1) of type (1, . . . , 1|1, . . . , 1, 2). Then the Weisfeiler 
filtration associated to So has depth 2 and GrS = SKO(n, n + 1; (n + 2)/n) with 
its principal grading. By |21 Proposition 1.11], So is a maximal open subalgebra 
of S. It is easy to see that it is also an invariant subalgebra. This subalgebra is 
called the principal subalgebra of S. 

A complete list of invariant maximal open subalgebras in all simple linearly 
compact infinite-dimensional Lie superalgebras over F, is given in the following 
theorem (cf. [21 Theorem 11.1]): 

Theorem 3.3 The following is a complete list of invariant maximal open subal- 
gebras in infinite- dimensional linearly compact simple Lie superalgebras S over 
¥: 

(a) the principal subalgebra of S; 

(b) the subprincipal subalgebra of S = W(m, 1), S(m, 1), H(m,l), H(m,2), 

K(m,2), KO(2,3), SKO(2,3;(3), the subalgebra of type (2, 1, . . . , 1|0, 2) 
of K(m, 2) and the subalgebra of type (1, . . . , 1|0, 2) of H{m, 2); 

(c) the subalgebra of type (1,1| - 1,-1,0) of SKO(2,3; 0) for ^ 1; 

(d) the subalgebras of S = S(l,2), SHO(3, 3), SKO(2, 3; 1) conjugate to the 

principal subalgebra by the subgroup of AutS generated by the automor- 
phisms exp(a<i(a)) where a is the algebra of outer derivations of S; 

(e) the subalgebras of S — SKO(3, 4; 1/3) conjugate to the subprincipal subal- 

gebra by the automorphisms exp^G?^!^^)) with t G F. 

Theorem 3.4 The following is a complete list of maximal among the open 
AutS -invariant subalgebras in infinite- dimensional linearly compact simple Lie 
superalgebras S: 
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(a) the principal subalgebra of S ^ S(l, 2), SH0(3, 3), and SKO(2, 3; 1); 



(6) i/ie subprincipal subalgebra of S = W(m,l), S(m,l), H(m,l), KO(2,3), 
and SKO(2,3;f3); 

(c) the subalgebra of type (1, 1| — 1, — 1, 0) in S = SKO{2, 3; /3) with [3 ^ 1; 

(d) the subalgebras of type (2|1,1) and (2, 2, 2|1, 1, 1) in S — S(l,2) and 

SHO(3,3), respectively. 

Proof. We will prove that the subalgebras listed in (a) — (d) are AutS- invariant, 
and, in order to show that they exhaust all maximal among open AuiS-invariant 
subalgebras of S, it suffices to show that for every subalgebra S' of S listed in 
Theorem 13.31 n^Auts^i^o) is contained in one of them. Indeed, if So is a 
maximal among the AitiS-invariant open subalgebras of S, then So is an invari- 
ant subalgebra of S, hence, every maximal open subalgebra S' of S containing 
So, is invariant, i.e., Sq is one of the subalgebras of S listed in Theorem 13.31 
Therefore, S C r\ v eAutS<p(S' ). 

If S ^ W(m, 1), S(m, 1), H(m, 1), H(m, 2), K{m, 2), KO(2, 3), SKO(2, 3; (3), 
5(1,2), SHO(3,3) and SKO(3,4; 1/3), then, in view of Theorem I3~3I the prin- 
cipal subalgebra of 5 is the unique invariant maximal open subalgebra of S, 
hence it is invariant with respect to all automorphisms of 5 and it is the unique 
maximal among open AitiS-invariant subalgebras of 5. 

If S = W(m, 1), S(m, 1), or KO(2, 3), then, according to TheoremEPl S has 
two invariant subalgebras: the principal and subprincipal subalgebras. These 
two subalgebras have different codimension hence, each of them is invariant with 
respect to all automorphisms of S. 

If S — H(m,l), then S has two invariant maximal open subalgebras: the 
principal and the subprincipal subalgebras. Since the principal subalgebra is 
graded and the subprincipal subalgebra is not (see Remark |l. 10 . each of them 
is invariant with respect to all automorphisms of S. 

If S = H(m, 2), then the principal subalgebra is the unique subalgebra 
of S of minimal codimension, hence it is AutS- invariant. Besides, it is the 
unique maximal among AtrfS-invariant subalgebras of S. Indeed, the invariant 
subalgebras of S of type (1, . . . , 1|2, 0) and (1, . . . , 1|0, 2) are conjugate by an 
outer automorphism of S and their intersection is contained in the principal 
subalgebra of S. By the same arguments, if S = K(m,2), then the principal 
subalgebra of S is its unique maximal among open AwiS-invariant subalgebras. 

If S = SKO(3, 4; 1/3), then, according to Theorem 13.31 S has infinitely 
many invariant subalgebras which are conjugate to the subprincipal subalgebra. 
Besides, the principal subalgebra of S is an invariant subalgebra. Note that the 
principal grading of S has depth 2 and the subprincipal grading of S has depth 1 , 
therefore the principal and subprincipal subalgebras are not conjugate. It follows 
that the principal subalgebra is invariant with respect to all automorphisms of 
S. In fact, it is the unique maximal among AutS-invariant subalgebras of S, 
since the intersection of all the subalgebras of S listed in Theorem I3.3f e) is 
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the subalgebra of 5 of type (2, 2, 2|1, 1, 1, 3), which is contained in the principal 
subalgebra. 

If 5 = SKO(2, 3; 1), then 5 has infinitely many invariant subalgebras which 
are conjugate to the principal subalgebra, besides, the subprincipal subalgebra 
is also an invariant subalgebra of 5. The principal and subprincipal subalgebras 
have codimension (2|3) and (2|2), respectively, hence they cannot be conjugate. 
It follows that the subprincipal subalgebra is invariant with respect to all au- 
tomorphisms of 5. In fact, it is the unique maximal among AutS -invariant 
subalgebras of 5, since it contains the intersection of all subalgebras which are 
conjugate to the principal subalgebra (cf. Remark 4.16]). 

If 5 = SKO(2, 3; (3) for /3 ^ 0, 1, then, according to TheoremESJ 5 has three 
invariant maximal open subalgebras, i.e., the subalgebras of type (1,1|1,1,2), 
(1,1|0,0,1) and (1,1| - 1,-1,0). The subalgebras of type (1, 1|1, 1,2) and 
(1, 1| — 1, — 1, 0) have codimension (2 3) and the subalgebra of type (1,1(0,0,1) 
has codimension (2|2). It follows that the subprincipal subalgebra is invariant 
with respect to all automorphisms of 5, since it is the unique subalgebra of 
minimal codimension. Consider the grading of 5 of type (1, 1|1, 1, 2): this is an 
irreducible grading of depth 2, whose 0-th graded component is isomorphic to 
the Lie superalgebra P(2) = P(2) + F(£ 3 + /3$). Its —2-nd graded component 
is Fl, on which £ 3 + /3$ acts as the scalar —2. Its —1-st graded component is 
spanned by vectors {x{\ and with i — 1,2, hence it is isomorphic to the 

standard P(2)-module, and £3 + /3$ acts on J2i=i^ x i (resp. 2j=i^») as * ne 
scalar — 1 + f3 (rcsp. —1 — (3). Now let us consider the grading of 5 of type 
(1,1| — 1,-1,0): this is an irreducible grading of depth 2, whose 0-th graded 
component is isomorphic to the Lie superalgebra P{2) = P{2) + F(£ 3 + /3<&). Its 
—2-nd graded component is F£i£ 2 , on which £ 3 + /3$ acts as the scalar —2/3. Its 

— 1-st graded component is spanned by vectors {^(£3 + (2/3 — 1)$)} and {&}, 
with i = 1,2, hence it is isomorphic to the standard P(2)-module, and £3 + /3$> 
acts on ELi^(6 + (2/3 - 1)*) (resp. £- =1 F£i) as the scalar 1 - (3 (resp. 

— 1 — /3). Since we assumed /3 7^ 1, the two gradings are not isomorphic, hence 
the subalgebras of type (1, 1|1, 1, 2) and (1,1| — 1,-1,0) are not conjugate by 
any automorphism of 5*. We conclude that they are invariant with respect to 
all automorphisms of 5*. 

Finally, if S — 5(1, 2) or 5 = SHO(3, 3), then, each of the subalgebras listed 
in (d) is the intersection of all invariant maximal open subalgebras of 5, which 
lie in an AutS-orbit, by Theorem 13.31 thus it is the unique maximal among 
Airf5-invariant subalgebras of 5. □ 

4 The Group AutgrS 

In this section, for every simple infinite-dimensional linearly compact Lie su- 
peralgebra 5 over F, we fix the following maximal among AutS -invariant open 
subalgebras of 5, which we shall denote by So: 

1. the principal subalgebra of 5 ^ 5(1, 2), SHO(3, 3), 5X0(2, 3; 1); 
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2. the subalgebra of type (2|1, 1) in 5 = 5(1, 2); 

3. the subalgebra of type (2,2,2|1, 1, 1) in 5 = 5.ffO(3,3); 

4. the subprincipal subalgebra of 5 = SKO(2, 3; 1). 

Remark 4.1 In 2, §11] we introduced the notion of the canonical subalgebra 
of 5, defined as the intersection of all subalgebras of minimal codimension in 
5. It follows from the definition that the canonical subalgebra of 5 is an AutS- 
invariant subalgebra. If 5 ^ KO(2,3), SKO(2,3;fi) with (3 ^ 1, and 5 ^ 
5ATO(3,4; 1/3), then the maximal among j4ui5-invariant subalgebras So of 5 
we have chosen is the canonical subalgebra of 5. 

Let 5_i be a minimal subspace of 5, properly containing the subalgebra 5 
and invariant with respect to the group AutS, and let 5 = 5_d 2 d+i 3 
■ ■ ■ D 5_i D 5o D ■ ■ ■ be the associated Weisfeiler filtration of 5. All members 
of the Weisfeiler filtration associated to So are invariant with respect to the 
group AutS. Let GrS = (Bj>-dQj be the associated Z-graded Lie superalgebra. 
In this section we will describe the group AutgrS introduced in Sectional for 
every 5. The results are summarized in Table 1 (where by TIV we denote V 
with reversed parity). 



5 


00 


go-module g_i 




W(m, n), (m, n) ^ (1, 1) 


gl(m, n) 






GL m x GL n 


5(1,2) 


sl 2 ®¥ 


II © OF 2 




f x • 5C>4 


5(m, n), (m,n) ^ (1,2) 


sl(m, n) 


fm\n 




GL m x Gi n 


H(2k,n) 


spo(2k, n) 




f 


x • (Sp 2fc x 0„) 


K(2k+l,n) 


cspo{2k, n) 


jf<2fc n 


f 


x • (S P2k x OJ 


HO(n, n), n > 2 


P(n) 


f ™ © nf ™* 




F x • GL n 


5ffO(3,3) 


sl 3 


nf 3 © nf 3 


f 


< • (5L 3 x 5L 2 ) 


SHO(n,n), n> 3 


P{n) 


f ™ © nf ™* 




F x • GL„ 


KO(n,n + 1), n > 2 


cP{n) 


f n TTF n * 




F x ■ GL n 


5iTO(2,3; 1) 


(1,6,6) x £(0,2) 


A(2) 


f 


* ■ (SL 2 x SL 2 ) 


5^0(2,3;/?), /3 ^ 0, 1 


P(2) 


f 2 © nf 2 * 




F x • GL 2 


5ifO(n,n + l;/3), n > 2 


P(n) 


f n © nf ™* 




F x ■ GL n 


SHO~{n,n), n>2 


P(ra) 


f™ © nf™* 




SL n 


SKO~(n,n+l) 


P(n) 


f n © nfn* 




SL n 


£(1,6) 


so 6 ©F 


nf 6 




F x • SO,, 


^(3,6) 


S? 3 © sZ 2 © F 


n(F 3 m f 2 ) 


f 


< • (5L 2 x 5L 3 ) 


£(5,10) 




n(A 2 F 5 ) 




Gi 5 


£(4,4) 


P(4) 


f4|4 




GL A 


£(3,8) 


sZ 3 © sZ 2 © F 


n(f 3 M F 2 ) 


f 


< • (5L 2 x 5L 3 ) 



Table 1. 



12 



Theorem 4.2 Let S be a simple infinite- dimensional linearly compact Lie su- 
peralgebra over F. Then AutgrS is the algebraic group listed in the last column 
of Table 1. In all cases when AutgrS = F x • G\, the group F x acts on g_i by 
scalar multiplication. 

Proof. Let S — W(m, n) with (m, n) ^ (1,1) or S — S(m,n) with (m,n) ^ 
(1, 2), with the principal grading. By ProDOsition ll.2f cn. AutgrS C GL m xGL n . 
But the group on the right is contained in AutgrS since it acts by automorphisms 
of S via linear changes of indeterminates. It follows that AutgrS = GL m x GL n . 

Let S — K (2fc+ 1, n) = Si its principal grading. By Proposition 

ll.2f eL AutgrS C F x • (Sp 2 k x O n ). But the group on the right is contained 
in AutgrS since it acts by automorphisms of S via linear changes of indetermi- 
nates, preserving the supercontact differential form dx 2 k+i + Yli=i( x id x k+i — 
Xk+idxi) + X)j=i £jd(,n-j+i up to multiplication by a non-zero number. It fol- 
lows that AutgrS = F x • (Sp 2 k x O n ). Likewise, if S = H(2k,n) = Y\ j> _ 1 g ] 
with the principal grading, the group F x • (Sp 2 k x O n ) acts by automorphisms of 
S via linear changes of indeterminates, preserving the supersymplectic differen- 
tial form 53i=i dpi A dqi + d£jd£ n —j+i up to multiplication by a non-zero 
number. Hence again, AutgrS = F x • (Sp 2 k xO n ). 

Consider the Lie superalgebras 5 = HO(n,n), SHO(n,n) with n > 3, 
KO{n,n + 1), or SKO(n,n+ l;/3) with n > 2 or with n = 2 and /3 ^ 0, 1, 
with their principal gradings. By Proposition [Of/), AutgrS C F x • GL n . On 
the other hand, the group on the right is contained in AutgrS since it acts 
by automorphisms of S via linear changes of indeterminates, preserving the 
odd supersymplectic form Y17=i dxid^i and the volume form v attached to the 
usual divergence up to multiplication by a non-zero number, if S = HO(n, n) 
or S = SHO(n,n) with n > 3, and preserving the odd supercontact form 
d£n+i + J^^ii^idxi + Xid^i) up to multiplication by an invertible function, and 
the volume form vp attached to the /^-divergence up to multiplication by a non- 
zero number, if S = KO(n,n + 1) or S = SKO(n,n+ l;/3) with ^ 0, 1 if 
n = 2. Therefore AutgrS ^ F x • GL„. 

Let S" = SHO~(n,n), with n > 2 even, and let Sq be the principal subal- 
gebra of S. The group Aut(GrS) consists of the automorphisms of SHO'(n, n) 
preserving its principal grading. By the same argument as for SHO(n,n), 
Aut(GrS) = F x • GL n . The subgroup AutgrS consists of the elements in 
Aut{GrS) which can be lifted to automorphisms of S. Every element in SL n 
can be lifted to an automorphism of S, since it preserves the form Fv defining 
the Lie superalgebra S. Besides, such automorphisms are inner and act on S 
via linear changes of variables. On the contrary, the outer automorphisms of 
SHO'(n,n) do not preserve the form Fv for any t g F, hence they cannot be 
lifted to any automorphism of S. It follows that AutgrS = SL n . The argument 
for S = SKO~(n, n + 1) is similar. 

Consider S = 5(1,2) = Yij>- 2 $j wrt h the grading of type (2|1,1). By 
PropositionOTaL AutgrS C F x -50 4 . Notice that exp(ad(fl )) = F x -SL 2 , act- 
ing by automorphisms of S via linear changes of indeterminates which preserve 
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the standard volume form v up to multiplication by a non-zero number. Since 
the algebra of outer derivations of S is isomorphic to sl 2 , AutgrS = F x ■ SO 4. 

Consider the Lie superalgebra S = SHO(3, 3) = Ilj>-j Qj with the grading 
of type (2,2,2|1,1,1). By PropositionOTaL AutarS C F x -{SL 3 xSL 2 ). Notice 
that exp(ad(go)o) — SL3, acting by automorphisms of S via linear changes of 
indeterminates, which preserve the odd supersymplectic form and the volume 
form v up to multiplication by a non-zero number. Since the algebra of outer 
derivations of S is isomorphic to gl 2 , AutgrS = F x • (SL 3 x SL 2 ). 

Consider the Lie superalgebra S — SKO(2,3;l) = Ylj>-iBj> with its 
subprincipal grading. In this case g_i = F 2 ' 2 hence, by Proposition \2.1f a). 
AutgrS C GL 2 x GL 2 . As we recalled in Section [I] (flo)o — s ^2 + F, where sl 2 
acts trivially on (g-i)i and by the standard action on (g_i)g, and F acts as the 
scalar —2 on q_ 2 . Besides, the algebra of outer derivations of S is isomorphic to 
sl 2l it acts trivially on (g_i)g and by the standard action on (0-1)1. It follows 
that AutgrS S F x • (SL 2 x SL 2 ). 

Consider the Lie superalgebra S = E(l,6) with its principal grading. By 
Proposition ll.2f e) with k — and n — 6, AutgrS C F x • Oq. Notice that 
exp(ad(go)o) — ^ x " SOq an d the group Oq/SOq is generated by the change of 
variables £j <-» Tji which is not an automorphism of E(l, 6), since it exchanges the 
submodules $f and gj~ of the 1-st graded component of if (1, 6) in its principal 
grading (cf. §6]). Therefore AutgrS = F x • SO e . 

Consider S = E(3, 6) = IIj>-2 Si w ^h its principal grading. By Proposition 
0», AutgrS C F x • (SL 2 x~SL 3 ). Since exp(ad(fl )o) = F x • (SL 2 x SL 3 ), 
the statement follows. The same argument holds for S — E{3, 8) in its principal 
grading. 

Consider S = E(4, 4) = IIj>-i Qj w it n its principal grading. By Proposition 
11.2( 0). AutgrS C F x • SL4. Since exp(ad(g )o) — GL4, equality holds. 

Finally, consider S = E(5, 10) = JXo-2 Sj w ith its principal grading. By 
Proposition E2t c )i AutgrS C F x • SL 5 . Besides, exp(ad(go)) — SL 5 . Note that 
the Lie superalgebra S has an outer derivation acting on S = Y[j>- 2 3j as the 
grading operator. It follows that AutgrS = GL5. □ 

Corollary 4.3 Let S be a simple infinite- dimensional linearly compact Lie su- 
peralgebra over F. Then AutS is the semidirect product of the group of inner 
automorphisms of S and the finite- dimensional algebraic group A, described be- 
low: 

(a) if S = SHO~(n,n) or SKO~(n, n + 1), then A = {1}; 

(b) if S is a Lie algebra or S = #(1,6), #(3,6), #(3,8), #(4,4), #(5,10), 
then A = ¥ x ; 

(c) if S = H(m, n) or K(m, n) with n > 0, then A = F x x Z 2 ; 

(d) if S = W(m, n) with (m, n) ^ (1, 1) and n > 0, S(m, n) with m > 1 and 
n > or with m = 1 and n odd, HO(n, n), SHO(n, n) with n > 3 even, 
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KO{n, n + 1), SKO(n, n + l: (3) with (3 ^ (n— 2)/n, 1, or with n even and 
(3 = (n — 2)/n, or with n odd and (3 = 1, then A = F x2 ; 

(e) if 5 = 5(1, n), with n > 2 even, SKO{n, n + 1; (n — 2)/n) with n > 2 odd, 
SKO(n,n + 1; 1) with n > 2 even, or SHO(n,n) with n > 3 odd, £/ien 
A = U x F x2 where U is a one- dimensional unipotent group; 

(/) ifS = 5(1, 2), tfien A S F x x S0 3 ; 

(g) if 5 = 5iJO(3, 3) or 5KO(2, 3; 1), then A = F x ■ SL 2 . 

We shall now investigate the nature of all continuous automorphisms of each 
simple infinite-dimensional non-exceptional linearly compact Lie superalgebra 
5 over F. 

Lemma 4.4 Consider a subalgebra L ofW{m,n) and let D be an even element 
of L lying in the first member of a filtration of W{m, n) . Then D lies in the Lie 
algebra of the group of changes of variables which map L to itself. 

Proof. Let D = + EjQj'jf - - Then cxptD, when applied to 

and £j, gives convergent series 5,-(t) and Rj(t), respectively (in the linearly 
compact topology), hence the change of variables Xi — > Sj(t), £ 3 — > Rj(t) is a 
one-parameter group of automorphisms of W(m, n) which preserves L. □ 

Theorem 4.5 Let S C W(m,n) be the defining embedding of a non- exceptional 
simple infinite- dimensional linearly compact Lie superalgebra. If 5 ^ 5(1,2), 
5iJO(3,3), SKO(2, 3; 1), and 5 is defined by an action on a volume form v, 
an even or odd super symplectic form lu s , or an even or odd supercontact form 
oj c , then all continuous automorphisms of 5 over F are obtained by invertible 
changes of variables, multiplying v and oj s by a constant and lo c by a function. 
If 5 = 5(1,2), SHO(3, 3), or SKO(2,3;l), then all these changes of variables 
form a subgroup H of AutS of codimension one. 

Proof. Let 5 = W{m,n) with (m,n) ± (1,1). Then DerS = 5 hence, by 
Lemma T4. 41 AutfS consists of invertible changes of variables. Besides, AutgrS 
consists of linear changes of variables, thus, by Proposition ^. 1( c). the statement 
for W(m,n) follows. 

Let now 5 = S(m,n) with (m,n) ^ (1,2). Then DerS = CS'(m,n) C 
W(m, n). By Lemma l4~4l AutfS lies in the group of changes of variables whose 
Lie algebra kills the volume form v attached to the standard divergence. Hence 
these changes of variables preserve the form v. It is clear that all linear changes 
of variables multiply the volume form v by a number, hence all of them are 
automorphisms of S(m,n). Hence AutS is the group of changes of variables 
which preserve the volume form up to multiplication by a non-zero number. 

If 5 = 5(1,2), then, by the same argument as above, the inner automor- 
phisms of 5 and its automorphism t c , where c is the grading operator of 5 with 
respect to its grading of type (2|1, 1), are induced by changes of variables which 
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preserve the volume form up to multiplication by a non-zero number. We recall 
that the algebra a of outer derivations of S is isomorphic to SI2, with standard 
generators e, /, h, where e = ad(£i£2g|) and h — ad(£i^- +£2^) (cf. |3 Re- 
mark 2.12]). As for S(m, n), t h , where t G F, is obtained by a linear change of 
variables preserving the volume form up to multiplication by a non-zero number. 
Besides, the element £i£2j|j is contained in the first member of the principal 
filtration of S'(l, 2), thus it is obtained by a change of variables preserving the 
volume form up to multiplication by a non-zero number, by Lemma 14.41 On 
the other hand, the automorphism exp(/) cannot be induced by any change of 
variables, since it does not preserve the principal filtration of S. 

The argument for all other non-exceptional Lie superalgebras is similar. □ 

Remark 4.6 Let S = 5(1,2), SHO(3,3), or SKO(2,3; 1). In all these cases 
the algebra of outer derivations contains sfo = (e, h, /}. Denote by U- the one- 
parameter group of automorphisms exp(ad(t/)), where / is explicitely described 
in .2, Remarks 2.12, 2.37, 4.15]. Then U- is the "complementary" to H subgroup 
in AutS, namely, for every (p S AutS, either (p G U-H or tp G U-sH where s is 
the reflection s — exp(e) exp(— /) exp(e). 

5 F-Forms 

Let F be a field of characteristic zero and let F be its algebraic closure. 

Definition 5.1 Let L be a Lie superalgebra overF. A Lie superalgebra L v over 
F is called an F-form of L if L ¥ F = L. 

Denote by Gal the Galois group of F C F. Then Gal acts on AutL as follows: 

a.ip := tp a = atpa" 1 , a G Gal, tp G AutL. 

To any F-form L r of L, i.e., to any isomorphism <fi : L v (g)jr F — > L, we can 
associate the map 7 Q : Gal — > AutL, a 1— > (ff^ 1 . The map 7 Q satisfies the 
cocycle condition, i.e., 7 Q/ 3 = 7^7 Q - Two cocycles 7 and 5 are equivalent if and 
only if there exists an element ip G AutL such that j a — (■ip~ 1 ) a 5 a ijj. It follows 
that equivalent cocycles correspond to isomorphic F-forms. 

Proposition 5.2 The map <j> 1 — * {a 1— > cj)"^ 1 } induces a bijection between 
the set of isomorphism classes of F-forms of L and H 1 (Gal, AutL). 

Proof. For a proof see [I'M §4]. 

We recall the following standard result (cf. ^] §VII.2]): 

Proposition 5.3 If K is a group and A, B, C are groups with an action of K 
by automorphisms, related by an exact sequence: 

1^A->B->C^1, 
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then there is a cohomology long exact sequence: 

1 -> H°(K,A) -> H°(K,B) -> H°(K,C) -> fl^i^A) -> H X (K,B) -> H X (K,C), 

where the first three maps are group homomorphisms, and the last three are 
maps of pointed sets. 

Proposition 5.4 Let S be a simple infinite- dimensional linearly compact Lie 
superalgebra over F. XTien </ie map j : AutS — ► AutgrS induces an embedding 

U ■ H 1 (Gal, AutS) — > iJ 1 (Gal, AutgrS). 

Proof. The same arguments as in [E2 Proposition 4.2] show that H 1 (Gal, 
AutfS) — 0. Then the statement follows from exact sequence (@J in Section [3 
and Proposition 15. 31 □ 

We recall the following well known results on Galois cohomology. All details 
can be found in |141 § X] and |151 § III Annexe] . 

Theorem 5.5 (a) i? 1 (Ga/,F x ) = 1; 

(b) H 1 (Gal,GL n (¥)) = l; 

(c) H x (Gal, SL n (¥)) = 1; 

(d) H^GahSpnif)) = 1; 

(e) if q is a quadratic form over F, then there exists a bijection between 
H 1 (Gal,O n (q,¥)) and the set of classes of ¥-quadratic forms which are 
¥ -isomorphic to q; 

(f) if q is a quadratic form over ¥, then there exists a bijection between 
H 1 (Gal, SO n (q,¥)) and the set of classes of ¥- quadratic forms q' which 
are ¥ -isomorphic to q and such that det(q')/ det(g) G (F x ) 2 . 

Lemma 5.6 Let G be an almost direct product over F of F x and an algebraic 
group Gi, and let G = F x n Gi(F) be a cyclic group of order k. Then we have 
the following exact sequence: 

(5) 1 -> F x /(F x ) fe -► H x (Gal,Gx) -» H 1 (Gal, G) -> 1. 

In particular, if H l (Gal,Gi) = 1, then H 1 (Gal, G) = 1. 
Proof. We have the following exact sequence: 

where tt : G — > G/Gi = F X /G^F X is the composition of the canonical map 
of G to G/Gi and the map x x k from F x /G to F x . By Proposition [j^O we 
get the following exact sequence: 

1 -> F x /G -> F x H x (Gal, Gi) H x (Gal, G) -» 1. 
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This implies exact sequence (JSJ. 



□ 



We fix the F-form S of each simple infinite-dimensional linearly compact 
Lie superalgebra S over F, defined by the same conditions as in [SJ, but over F 
(in the case of SKO(n, n + l;/3) we need to assume that (3 S F). This is called 
the split F-form of S. In more invariant terms, this F-form is characterized by 
the condition that it contains a split maximal torus T (i.e. T is ad-diagonalizable 
over F and T Cg>F F is a maximal torus of S). 

Theorem 5.7 Let S be a simple infinite- dimensional linearly compact Lie su- 
peralgebra overF not isomorphic to H(m,n), K(m,n), E(l,6), orS(l,2). Then 
any ¥-form of S is isomorphic to the split ¥-form. 

Proof. It follows from Propositions 15.21 15.41 and the description of the group 
AutgrS given in Theorem IO using Theorem 15 . 51 and Lemma 15.61 □ 

Remark 5.8 Let S = H(2k, n) or S = K(2k + 1, n). Then, according to Table 
1 and Lemma 15.61 we have the exact sequence 

1 ^F X /(F X ) 2 -> H 1 (Gal,Sp 2k X O n ) -> H 1 (Gal, AutgrS) -» 1. 

Here and further, Sp 2 k — Sp 2 k(F) and O n C GL n (F) is the orthogonal group 
over F which leaves invariant the quadratic form Y^i=i x i x n-i+i- Since H 1 (Gal, 
d x G 2 ) = H 1 (Gal, G\) x JT^Go^Ga), by Theorem EgfrQ, H 1 (Gal,Sp 2k X 
O n ) — ^(Gal, O n ), hence we have the exact sequence 

1 F X /(F X ) 2 -> H 1 (Gal, On) -> H 1 (Gal, AutgrS) -» 1. 

Given a non-degenerate quadratic form g over F in n indeterminates, asso- 
ciated to a symmetric matrix c = (c™ ) , introduce the following supersymplectic 
and supercontact differential forms a q and E g : 

k n 

o-q = A dq l + ^ '••..' / i-' / s;- 

S, = (it + 'Y^(Pidq l - qidpi) + Cy&dfj. 
i=l i,j=l 

Theorem 5.9 (a) ylny F-form of the Lie superalgebra S = H(2k, n) is isomor- 
phic to one of the Lie superalgebras H q (2k,n) :— {X £ W(2k,n) r \ Xo~ q = 0}. 
(b) Any F-form of the Lie superalgebra S = K(2k + l,n) is isomorphic to one 
of the Lie superalgebras K q (2k + l,n) := {X e W(2k + l,n) ¥ \ XT, q = /EJ. 

Two smc/i F-forms S q and S q i of S are isomorphic if and only if q and q' 
are equivalent non- degenerate quadratic forms over F, up to multiplication by a 
non-zero scalar in ¥. 
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Proof. It is easy to see that every non-degenerate quadratic form q over F, with 
matrix c = (cij), gives rise to the F-forms H q (2k,n) and K q (2k + l,n) of the 
Lie superalgebras S = H(2k,n) and S — K(2k + l,n), respectively, attached 
to the corresponding cocycles. By construction, equivalent quadratic forms give 
rise to isomorphic F-forms of S. Besides, if A 6 F x and q' is the quadratic form 
associated to the matrix Ac, then S q = S q > , and the isomorphism is given by the 
following change of variables: 

Pi i > \~ 1 p l , qi ' * ft, ii ' ^ ii, if S = H(2k, n) 

t^\~ 1 t, p i t-^\~ 1 p i , qi^qi, if S = K(2k + l,n). 

The F-forms S q exhaust all F-forms of the Lie supcralgcbra S, due to Proposition 
E2 Theorem IO Remark El and Theorem EJe). □ 

Example 5.10 Consider the F-form K q (l,6) of £T(1,6) corresponding to the 
supercontact form S g — dt + 53;= i Cij^id^j. Then the principal grading of 
K(l, 6) induces an irreducible grading on K q (l, 6): K g (l, 6) = ]X;>-2 flji wnere 
0o = f) © F, f) is an F-form of so 6 (F), g_i F 6 , and fli = gl x © A^F 6 ). 

Let d be the discriminant of the quadratic form q. If — d G (F x ) 2 , then 
the go-module A 3 (F 6 ) is not irreducible, and decomposes over F into the direct 
sum of two 90-submodules g+ and g^, which are the eigenspaces of the Hodge 
operator * , see Example 16.21 below (they are obtained from one another by an 
automorphism of go)- It follows that we can define an F-form E q (l, 6) of the Lie 
superalgebra £7(1, 6) by repeating the same construction as the one described in 
Section^ namely, E q (l, 6) will be the graded subalgebra of K q (l, 6) generated 
byg-i+go + te-i+gi")- 

Theorem 5.11 Any F-form of the Lie superalgebra S = £7(1,6) is isomorphic 
to one of the Lie superalgebras E q (l,6) constructed in Examvle \5.1Ul where q is 
a non-degenerate quadratic form over¥ in six indeterminates, with discriminant 

de-(F x ) 2 . 

Two such ¥-forms E q (l,6) and E q i(l,d>) of £7(1,6) are isomorphic if and 
only if the quadratic forms q and q' are equivalent, up to multiplication by a 
non-zero scalar in F. 

Proof. By Lemma f5. 61 and Theorem l4.2f fe). we have the exact sequence 

1 -> F X /(F X ) 2 -> H^Ga^SOe) -> H x {Gal, AutgrS) -> 1. 

The statement follows, due to Proposition Theorem l5.5f f) and the proof of 
Theorem PI □ 

Remark 5.12 Consider the Lie superalgebra £T(1,4) = Ilj>-2 0J over ^ w ith 
respect to its principal grading. Then: go = CSO4 = SO4 + Ft, g_i = F and 
g_2 = [g_i,g_i] = F. Besides, gi = V\ © V_i, where for every A = ±1, V\ 
is isomorphic to the standard so4-module, [Va,Va] is isomorphic to the trivial 
so 4 -module F, and g_ 2 + 0-i + gh + V\ + [V\, V x ] = sl{2, 2)/F. Finally, g 2 = 
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F © S04 © F, where S04 and F denote the adjoint and the trivial so4-module, 
respectively. Here t acts as the grading operator. 

The Lie superalgebra 5(1,2) over F is the subalgebra of if (1,4) generated 
by f)_x © [) © J)i © f>2 where = f) = s^+K, t)i = Vi and f) 2 = F + sZ 2 , 
where sZ 2 denotes the adjoint s^-module (see also Remark 2.33]). 

Example 5.13 Consider a Lie superalgebra 0_ over F with consistent Z-grading 
0- = 0-2 + 0-i + 0o, where Q = f) © F, f) is an F-form of sZ 2 , 0- 2 = Fz, and 
0_i is a four-dimensional [00, 0o]-module such that 0_i ®fF is the direct sum of 
two copies of the standard s^ 2 -module, and where the bracket in 0-i is defined 
as follows: 

[a,b] = q(a,b)z, 

where q is a non-degenerate bilinear form on 0_i over F, which is symmetric, i.e. 
q(a, b) = q(b, a). Such a superalgebra 0_ exists if and only if the discriminant d 
of the quadratic form q lies in (F x ) 2 . Let 5 9 (1,2) denote the full prolongation 
of 0- over F (see §1.6]). Then S q (l, 2) is an F-form of 5(1, 2). 

Theorem 5.14 Any ¥-form of the Lie superalgebra S — 5(1,2) is isomorphic 
to one of the Lie superalgebras 5 g (l, 2) constructed in Examvle \5.1!A where q is a 
non- degenerate quadratic form over¥ in four indeterminates, with discriminant 

de(¥ x ) 2 . 

Two such¥-forms S q (l,2) andS q '(l,2) o/5(l,2) are isomorphic if and only 
if the quadratic forms q and q' are equivalent, up to multiplication by a non-zero 
scalar in F. 

Proof. By Lemma f5. 61 and Theorem l4.2l we have the exact sequence 

1 ^F X /(F X ) 2 -f H l (Gal,S04,) -> H x (Gal,AutgrS) -» 1. 

The statement follows, due to Proposition l5.2l Theorem l5.5f f) and the proof of 
Theorem IOI □ 

We summarize the results of this section in the following theorem: 

Theorem 5.15 Let S be a simple infinite- dimensional linearly compact Lie su- 
peralgebra over F. If S is not isomorphic to H(m,n), K(m,n), E(l,6), or 
5(1,2), then the split F-form S r is, up to isomorphism, the unique ¥-form of 
S. In the remaining four cases, all ¥ -forms of S are, up to isomorphism, as 
follows: 

(a) the Lie superalgebras H q (m,n) := {X 6 W(m, n) r | Xa q = 0} where <r q 
is a super symplectic differential form overF, if 5 = H(m,n); 

(b) the Lie superalgebras K q (m,n) := {X 6 W(m,n) r | XY, q = fT, q } where 
Y> q is a supercontact differential form over ¥ , if S = K{m, n); 

(c) the Lie superalgebras E q (l,6) constructed in Examvle \5.1(A where q is a 
non- degenerate quadratic form over F in six indeterminates with discrim- 
inant d e -(F x ) 2 , ifS = £(1,6); 
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(d) the Lie superalgebras 5 g (l,2) constructed in Examvle \5.1!A where q is a 
non-degenerate quadratic form overF in four indeterminates with discrim- 
inant d e (F x ) 2 , if 5 = 5(1, 2). 

The isomorphisms between these ¥ -forms are described in Theorems 15. 9\ HOTl 

Remark 5.16 It follows immediately from Theorem l5 1 1 51 that a simple infinite- 
dimensional linearly compact Lie superalgebra 5 over C has, up to isomorphism, 
one real form if 5 is not isomorphic to H(m,n), K(m,n), E(l,6), or 5(1, 2), 
two real forms if 5 is isomorphic to .E(l,6) or 5(1,2), and [n/2] + 1 real forms 
if 5 is isomorphic to H(m,n) or K(m,n). 

6 Finite Simple Lie Conformal Superalgebras 

In this section we use the theory of Lie conformal superalgebras in order to give 
an explicit construction of all non-split forms of all simple infinite-dimensional 
linearly compact Lie superalgebras. In conclusion of the section, we give the 
related classification of all F-forms of all simple finite Lie conformal superalge- 
bras. 

We briefly recall the definition of a Lie conformal superalgebra and of its 
annihilation algebra. For notation, definitions and results on Lie conformal 
superalgebras we refer to and [FT] . 

A Lie conformal superalgebra R over F is a left Z/2Z-graded F[<9]-module 
endowed with an F-linear map, called the A-bracket, 

R®R^ F[A] <g> R, a <8> b i-> [a\b], 

satisfying the axioms of sesquilinearity, skew-commutativity, and the Jacobi 
identity. One writes [a\b] = ^ nez ^j( a (n)b); the coefficient (<i( n )6) is called 
the n-th product of a and b. A Lie conformal superalgebra R is called finite if 
it is finitely generated as an F[<9]-module. 

Given a finite Lie conformal superalgebra R, we can associate to it a linearly 
compact Lie superalgebra L(R) as follows. Consider the Lie conformal superal- 
gebra J2[[i]], where t is an even indeterminate, the 9-action is defined by d + d t , 
and the n-th products are defined by: 

a(t) {n) b(t) := 53(^o(t)) (n+i) 6(*)/jl. 

j>0 

where a(i),b(t) G and the n-th products on the right are extended from 

R to R[[t\] by bilinearity. Then (d + d t )R[[t]} is a two-sided ideal of R[[t}} with 
respect to 0-th product, and this product induces a Lie superalgebra bracket on 
L{R) := i? [[£]]/((? + $t )££[[£]]. The linearly compact Lie superalgebra L(R) is 
called the annihilation algebra of R. 

For the classification of finite simple Lie conformal superalgebras over an 
algebraically closed field F of characteristic zero we refer to 0. The list consists 
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of four series (N £ Z+): Wn, 5*^+2,0, 6^+2, (N ^ 4), K' 4 , the exceptional 
Lie conformal superalgebra CKq of rank 32, and Curs, where s is a simple 
finite-dimensional Lie superalgebra. 

Example 6.1 Let V be an TV-dimensional vector space over F with a non- 
degenerate symmetric bilinear form q. The Lie conformal superalgebra K^,q 
associated to V is F[9]A(V) with A-bracket: 

1 N 4- 

(6) [A X B] = (-- l)d(AB) + (-lY-^ aj A)( lbj B) + A(^- - 2)AB, 

3=1 

where A,B £ A(V), r = deg(A), s = deg(B), a l7 bi £ V, q(a,i,bj) = S t j, and 
i a , for a £ V, denotes the contraction with a, i.e., i a is the odd derivation 
of A(V) defined by: i a (b) = q{a,b) for b £ V (cf Example 3.8]). The 
annihilation algebra of Kjy, q is isomorphic to the Lie superalgebra K q (\,N) 
defined in Theorem 15. 9( b). The Lie conformal superalgebra K^ q is an F-form 
of the finite simple Lie conformal superalgebra K^. 

Example 6.2 Let V be an TV-dimensional vector space over F with a non- 
degenerate symmetric bilinear form q, and let K n, q be the Lie conformal super- 
algebra over F constructed in Examplc l6.il Choose a basis £i, . . . ,£jv of V, and 
let * denote the Hodge star operator on V associated to the form q, i.e., 

A & A • ■ • A & )* = k h k i2 ■ ■ ■ k lk (£i A ■ • • A £j\r)< 

It is easy to check that, for every a £ A(V), (a*)* = (-l) w ( Ar - 1 )/ 2 det(g)a. 

Let A" = 6 and choose a £ F such that a 2 = —l/det(q). Consider the 
following elements in A(V): 

It is easy to check that the F[<9]-span of these elements is closed under A-bracket 
JfjJ, hence they form an F-form CK§ q of the Lie conformal subalgebra CKq of 
K e (cf [12 Theorem 3.1]). 

Likewise, if N = 4 and 1 = l/det(q), the F[<9]-span of the elements: 

is closed under A-bracket ©. It follows that these elements form a subalgebra 
S2, Q of K^ q , which is an F-form of the Lie conformal superalgebra 6*2,0 (cf- 
Remark p. 225]). 

Remark 6.3 The annihilation algebras of the Lie conformal superalgebras CKq^ 
and 5*2,9, constructed in Examples l6.ll and l6.2l are the Lie superalgebras E q (l, 6) 
and S q (l, 2), constructed in Examples 15 . 1 01 and 15.131 respectively. Due to Theo- 
rems and [5^31 Example 16.21 provides an explicit construction of all F-forms 
of the Lie superalgebras E(l, 6) and 5(1, 2). 



22 



We conclude by classifying all F-forms of all simple finite Lie conformal 
superalgebras over F. The following theorem can be derived from [7| Remark 



Theorem 6.4 Let R be a simple finite Lie conformal superalgebra over F. If 
R is not isomorphic to S2.0; Kn, K[, CKq or Curs, then there exists, up to 
isomorphism, a unique ¥-form of R (in the case R = Sn,h, we have to assume 
that a € F for such a form to exist). In the remaining cases, all V-forms of R 
are as follows: 

• the Lie conformal superalgebras Kjq. q if R is isomorphic to K^; 

• the Lie conformal superalgebras CK 6q if R is isomorphic to CK e ; 

• the Lie conformal superalgebras S2. q if R is isomorphic to >5>2,o/ 

• the derived algebras of the Lie conformal superalgebras K^ tq if R is iso- 
morphic to K'^; 

• the Lie conformal superalgebras Curs r , where s F is an F-form of the Lie 
superalgebra 5, if R is isomorphic to Curs. 
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